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Introduction  
    General relativity is the basic theory of modern cosmology and quantum 

gravity [1-13]. Einstein's gravitational field equations have the form [1]: 

       µνµνµνµν
π T
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 µνµνµν TgR ,,    - The Ricci tensor, the metric tensor and energy-momentum 

tensor; cG,,Λ - Einstein's cosmological constant, the gravitational constant and the 

speed of light, respectively. 

In general, the affine connection and Ricci tensor are   
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α
βγδR  - Riemann tensor, i

klΓ - Christoffel symbols of the second kind. 

http://ej.kubagro.ru/2014/02/pdf/78.pdf


Научный журнал КубГАУ, №96(02), 2014 года 

http://ej.kubagro.ru/2014/02/pdf/78.pdf 

2

There are several problems concerning energy-momentum tensor [2] and 

cosmological constant [3-6]. Energy-momentum tensor of matter in the equation 

(1), in general, depends on the gravitational field. In this regard, Einstein and Infeld 

[2] formulated program: "All attempts to represent matter by an energy-momentum 

tensor are unsatisfactory and we wish to free our theory from any particular choice 

of such a tensor. Therefore we shall deal here only with gravitational equations in 

empty space, and matter will be represented by singularities of the gravitational 

field." 

This approach to the problem of the origin of matter is not unique. To keep 

the basic idea of the metric in the Einstein gravitation theory, we assume that the 

Einstein equation (1) splits into two independent equations [7-8]: 
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                                                      (3) 

Here k - a function depending on the space dimension. Note that the first 

equation is determined by the space-time, and the second equation is given by the 

distribution of matter, which corresponds to this metric. This hypothesis is 

consistent with the idea of the origin of matter from the gravitational field [2, 9-11] 

but without specific assumptions about the presence of the singularity of the metric. 

In our paper [7] model (3) was used to construct a metric of inhomogeneous 

rotating universe.  A mechanism for the production of matter from dark energy by 

the phase transition has been proposed. In paper [8] we presented model of 

quantum gravity in space of dimension D  with metric  
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Here Nφφφ ,...,, 21  - angles on the unit sphere, immersed in 1−D  space. 

Metric (4) describes many important cases of symmetry used in elementary particle 
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physics and the theory of Supergravity [13-15]. This approach allows capturing the 

diversity of matter, which produces factory of nature, by choosing the equation of 

state )(ψpp = . 

In this paper, the metric (4) and model (3) used to justify the Schrödinger 

hypothesis [16] on the relationship of gravitational waves with the wave function of 

quantum mechanics. 

  

Supergravity and the motion of matter 
Consider gravity in space with the metric (4). Einstein's equation in the form 

(3) is universal, so it can be generalized to any Riemann space. We will describe 

the motion of matter by Hamilton-Jacobi equation, which also can be generalized to 

any Riemann space. Together, these two equations constitute a universal model 

describing the motion of matter in D -space: 

                 µνµνµν kgRgR =−
2
1                                        (5) 
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The field equations in the metric (4) are reduced to one second-order 

equation [8] 
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In general, the parameters of the model and the scalar curvature depends 

only on the space dimension, we have 
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Note that equation (7) changes its type depending on the sign of the 

derivative p′ : 
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For 0<′p equation (7) is of elliptic type; 

For 0>′p equation (7) is of hyperbolic type; 

 For 0=′p equation (7) has a parabolic type. 

Signature of the metric (4) does not change if we require 

further 0,0)( >> ψψp . 

Hamilton-Jacobi equation in the metric (4) has the form 
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Equation (9) can be integrated, under certain assumptions, using a method 

that offered Schrodinger [16]. The essence of the method is to represent the 

solution of equation (11) in the form 

                  SclSS Ψ+= lnh                                                   (10) 

Here explicitly introduced the classical action - clS , Planck's constant and the 

wave function SΨ . Using the classical action, we define the parameters of the 

problem, which may be external to the quantum system. With this approach 

becomes apparent association of quantum mechanics with classical mechanics [17]. 

In the case of the metric (4) it is convenient to choose as variables of 

quantum mechanics angles on the unit sphere, and as the variables of the classical 

action - time and radial coordinate. So, equation (9) is divided into two equations 
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Here M - an arbitrary constant. 
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Gravitational waves 
Consider gravitational waves that occur in the metric (4) in the case of linear 

state equation. Put in equation (7) 
wecp == ψψ ,/ 2 . 

Then equation (7) reduces to the Liouville equation: 

        w
rrtt Kewcw += 2                                               (12) 

For equation (12), we can specify an algorithm for constructing the general 

solution and particular solutions of different types of solitary waves [18-24]. The 

general solution is given by (Liouville, 1853) 

  ( )
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Here )(),( ςη gf - arbitrary functions. Note that equation (12) is widely used 

in string theory and quantum gravity [21-24], since the corresponding model is 

completely integrable. Usually this equation is derived from the principle of 

stationary action [21-24], but our method has the advantage that it is possible to 

define a metric corresponding to gravitational waves and the motion of test 

particles in this metric. 

Indeed using Liouville formula (13), we can specify the general solution of 

the Einstein equations in the form (3), which describes the gravitational waves in 

the metric (4): 
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Gravitational waves of the type (14) are distributed in a combination 

comprising advanced and retarded waves. This fact suggests that the scalar 
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gravitational waves may serve as a source of quantum motion of particles, for 

example, in the form of de Broglie waves [25]. 

Indeed, we write the first equation (11) in the metric (14), we have 
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Assuming that the effect depends on the coordinates ςη , , we transform both 

sides of equation (15) to the equivalent form 
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It follows from eq. (16) that the action can be expressed in terms of arbitrary 

functions )(),( ςη gf in the form 

              )]()(ln[2
ςη gf

K
MS cl +=                                (17) 

Equation (17) can be seen in the opposite direction, suggesting that the 

unknown functions )(),( ςη gf related to the action of test particles 

                K
MhhSgf cl

2),/exp()()( ==+ ςη                     (18) 

If we assume that 2/ cp ψ−= , then, setting in equation (7) we=ψ , we 

arrive to the Liouville equation of elliptic type 

                   w
rrtt Kewcw =+ 2

                                       (19) 

In this case, we can also get the solutions of equation (19) of the general 

form, which can be expressed in terms of analytic functions [19].  Application of 

the elliptical model (32) in the quantum theory of gravity can be found in [22]. 

Equation (18) allows us to define a metric if arbitrary motion of test particles 

known, whereas equation (17) to determine the action, if known metric. Similar 

connection between an action and a wave function we have in the Schrödinger 
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quantum theory [16]. Therefore it can be assumed that the gravitational waves are 

associated with waves of matter, the existence of which was first pointed out de 

Broglie [25]. 

In this case, equation (17) is a direct proof of the de Broglie hypothesis of 

matter waves, and equation (18) is proof of the Schrödinger hypothesis [16], which 

was based on de Broglie's and Einstein ideas to create the quantum mechanics. 

Matter waves, predicted by de Broglie in 1924, were found experimentally as 

early as 1927, when Davisson and Germer carried out the electron diffraction on a 

crystal of nickel in Bell Lab [26]. However, the search for gravitational waves 

predicted by Einstein in 1916 [1] was unsuccessful up to now. 

In this regard, let me excerpt from the letter Schrödinger to Einstein: "... I 

have been thinking that to be identified ψ -wave with the breaking waves of the 

gravitational potential - certainly not those that you studied for the first time, but 

with those that have real mass, i.e. ikT not disappeared. This means, I think we need 

to abstract general relativity containing ikT even as «asylum ignorantial» (by your 

own words ), to introduce the matter is not as massive points or anything like that, 

but as a quantized gravitational waves" [16]. 

If gravitational waves associated with matter waves, as suggested by 

Schrödinger, there must be some effects due to the emission and absorption of 

gravitational waves by electrons in atoms. However, until recently, no such effects 

were detected. The theory of gravitational radiation [27-29], developed for the 

hydrogen atom, yields a transition rate of 

140
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Here c
e
h

2

=α - the fine structure constant. 
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As is known, in Einstein's theory [1] the gravitational radiation is associated 

with the quadrupole moment of the mechanical system [1, 27-29]. However, from 

equation (18) it follows that the gravitational waves associated with action. 

Note that Einstein created the theory of gravitational radiation in the 1918 

[1], never imagined that his theory of gravity will be used in the quantum theory 

without any improvement. Moreover, Einstein believed that the development of 

quantum theory will create a theory of gravity that is free from the problem of 

thermal graviton radiation. Einstein assumed that the intensity of the emission of 

gravitational waves from the moving matter associated with the quadrupole 

moment, but such a way that the system does not lose energy long enough. 

In this sense, the expression (20) reflects the semiclassical approach in 

quantum gravity, which does not take into account the true nature of gravitational 

waves and the quantum nature of gravity transitions. The result is an extremely low 

rate (20), so the effect of gravitational radiation apparently cannot be observed 

[27]. 

On the other hand, the de Broglie waves were registered not only in 

laboratories but also widely used in applied physics. However, due to certain 

historical reasons, these waves are not identified with gravitational waves. 

Development of quantum mechanics went in the direction opposite to that indicated 

by Schrödinger. Only recently, due to the discovery of dark energy and dark matter 

we have the problem of baryonic matter, the contents of which in the universe is no 

more than 5 % [12, 30]. 

If the content of baryonic matter is so small, why particles observed in the 

laboratories are only connected with baryonic matter, but there is no trace of dark 

energy or dark matter? This question, in our opinion, is directly related to 

gravitational waves, which have also not been found, despite all efforts. It is 

possible that the answer lies on the surface with one of interpretation of equations 
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(17) - (18), which indicates a direct link de Broglie waves and Schrödinger wave 

function with gravitational waves. 

         

Schwarzschild metric and the state equation  
All static metrics (4) described by equation (7), assuming that in this 

equation 0== ttt ψψ , we find 

            2

2 rrr p
ppKp ψ
ψ

ψ
ψψ

′+
+−=                                     (21) 

Integrating eq. (21), we obtain 

                    2)2( rKCp ψψψ =−                                         (22) 

C  - Arbitrary constant. For physical applications there are static solutions 

which have the asymptotic like the Schwarzschild metric 

                           
R
m21−=ψ                                                     (23) 

Metric (23) is widely used in the theory to the phenomenon of collapse, 

leading to the formation of black holes [27-28, 31-32]. Note that the Schwarzschild 

metric is defined in spherical coordinates, while the metric (4) is centrally 

symmetric. To match metrics we set rR /1= , then the Schwarzschild metric is 

transformed to 

                     mr21−=ψ                                                   (24) 

An example of static metric with asymptotic as the Schwarzschild metric 

(23) is the exponential metric 

              ...21)2exp( +−=−= mrmrψ                                     (25) 

Substituting (25) into equation (22), we find the state equation, which is in 

according with the Schwarzschild metric 
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Note that in the Schwarzschild metric (23) parameter m corresponds to the 

mass and the rest energy of the system. We assume that in the metric (4) the point 

mass source of gravity is due to two types of equations of state corresponding to 

“bosons” and “fermions”. 

Let compare the first equation (26) with the quantum statistics: 

- In the case of “bosons” 0)(,0)(,0,
1)2exp(

12 2

>′>>
−−

= ψψ
µ

ppC
mrK

mp ; 

- In the case of “fermions” 0)(,0)(,0,
1)2exp(

12 2

<′<<
+−

−= ψψ
µ

ppC
mrK

mp . 

This division of matter on the “bosons” and “fermions” with using the state 

equation (26) is conditional. As we know, in statistical physics, by definition, 

fermions and bosons are particles which obey quantum statics at first. The spin-

statistics connection depending on wave function symmetry was proved by Pauli in 

his famous theorem [33]. But there is no obligation that any bosons or fermions 

have spins and wave functions as it requires in the Pauli theorem. This kind of 

particles we call “bosons” and “fermions”.     

Existence of matter in the form of “fermions” leads to the fact that the field 

equation (7) is of elliptic type. As is known, in this case, small perturbations grow 

exponentially, which is consistent with the general behavior of the baryonic matter 

in the universe, subject to inflation [5]. 

On the other hand, the existence of matter in the form of “bosons” leads to 

the field equation of hyperbolic type. In such a space - time there are gravitational 

waves of finite amplitude. In the case of linear perturbations of the state equation 
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we have 2/ cp ψ= , therefore these waves can be described by wave solutions of 

the Liouville equation (12). 

   

Solitary waves        
Besides gravitational waves there is free movement at a constant speed, 

which can be determined by requiring the equation (7) the presence of solutions of 

the form )( utr += ψψ , then (7) reduces to an ordinary differential equation  

222
2

2

22
2)1( ψ

ψ
ψ

ψ
ψ

ψψ
ψψ ′

′+
+′

′+′′−′
−−=′′′−

p
ppu

p
pppppKppu                (27) 

In the particular case, choosing the equation of state in the form ψap = , 

find the general solution of the equation (27)  

 [ ]( ))(tanh1)1(2 0
22

2

rutr
aK
au

−+−
−

= ββψ                                     (28) 

Here 0, rβ - arbitrary constants. The resulting solution describes a solitary 

wave that propagates at a constant speed in the radial direction – Figure 1.  

 

 
Figure 1: Gravitational solitary wave. 
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If we assume that 2/ cp ψ= , and we require that at the origin satisfy the 

equation 1=ψ , then the metric (28) in the case of four-dimensional space-time 

takes the form like in Lorentz's theory: 

   








−

−+
−=

22
02tanh1

uc

rutr
ψ                                          (29) 

        In a case of the state equation (26) we can solve eq. (27) numerically with 

initial condition 0)0(,)0( 0 =′= ψψψ and for different value of radial velocity in a 

range 9.00 ≤≤ u  - Figure 2. 

 
Figure 2: Metrics of “boson” system calculated on eq. (26)-(27) for 

9.00;2;1;1 ≤≤=== uCKm . Radial velocity is increasing from bottom to top 

curves.   
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As it mentioned above system of “bosons” is stable in a wide range of radial 

velocity. There are two types of metric related to the Schwarzschild metric (23) and 

geon metric [9-10].  Both of them are depending on radial velocity, initial 

conditions and the state equation.  For small value of the radial velocity we have 

Schwarzschild metric (23), and for relatively higher – geon metrics (see Figure 2). 

Numerical solutions in a form of gravitational wave and geon were found 

together for different value of radial velocity in a range from 0.1 to 0.9 and for the 

state equation 
ψ

ψ
+

=
C

p 1)(  - Figure 3. 

     

 

 
 Figure 3: Metrics of gravitational wave (left) and geon metrics (right). Radial 

velocity is increasing from left blue to right green curves.  
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 Finally let consider some inflation scenario coming from the state equation 

(26) in a case of “fermions” and from eq. (27) – Figure 4. For any initial conditions, 

and for any value of radial velocity there are same exponent grows like in Big Bang 

model [5].      

   
 Figure 4: Numerical solutions of eq. (27) in a case of the “fermions” state 

equation (26). Radial velocity is increasing from right blue to left curves.  

 

 

 Thus, Einstein’s theory of gravitation [1] in the form of equations (5)-(6) 

with the metric (4) can be used as the basic model to explain the origin of quantum 

mechanics and quantum statistics in line with the Schrödinger hypothesis [16].   
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